Rotating black holes and black bars at large D by Andrade, Tomas et al.
Rotating black holes and black bars at large D
Toma´s Andradea, Roberto Emparana,b, David Lichta
aDepartament de F´ısica Qua`ntica i Astrof´ısica, Institut de Cie`ncies del Cosmos,
Universitat de Barcelona, Mart´ı i Franque`s 1, E-08028 Barcelona, Spain
bInstitucio´ Catalana de Recerca i Estudis Avanc¸ats (ICREA)
Passeig Llu´ıs Companys 23, E-08010 Barcelona, Spain
tandrade@icc.ub.edu, emparan@ub.edu, david.licht@icc.ub.edu
Abstract
We propose and demonstrate a new and efficient approach to investigate black hole dynam-
ics in the limit of large number of dimensions D. The basic idea is that an asymptotically
flat black brane evolving under the Gregory-Laflamme instability forms lumps that closely
resemble a localized black hole. In this manner, the large-D effective equations for ex-
tended black branes can be used to study localized black holes. We show that these
equations have exact solutions for black-hole-like lumps on the brane, which correctly
capture the main properties of Schwarzschild and Myers-Perry black holes at large D,
including their slow quasinormal modes and the ultraspinning instabilities (axisymmetric
or not) at large angular momenta. Furthermore, we obtain a novel class of rotating ‘black
bar’ solutions, which are stationary when D →∞, and are long-lived when D is finite but
large, since their gravitational wave emission is strongly suppressed. The leading large
D approximation reproduces to per-cent level accuracy previous numerical calculations of
the bar-mode growth rate in D = 6, 7.
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1 Introduction
Recent advances have shown that many problems in black hole physics simplify in an
efficient way when expanded in the inverse of the number D of spacetime dimensions [1]–
[47]. The studies of linearized perturbations in [8] (greatly aided by the numerical work
of [7]) revealed that the low frequency modes near the horizon of a black hole decouple,
at all perturbation orders in 1/D, from the faster oscillations that propagate away from
the horizon. This has enabled the formulation of effective non-linear theories for the slow
fluctuations of the black hole, which by now have been derived and put to use in several
contexts.
In some instances the effective equations are more manageable than in others. They are
particularly simple for black branes, either asymptotically flat or asymptotically AdS [15,
29, 22]. In this article we focus on the equations for asymptotically flat black branes, which
have been easily solved to study the main dynamical feature of these objects: the linearized
instability discovered by Gregory and Laflamme (GL) [48], as well as its subsequent non-
linear evolution.
Surprisingly, we have found that these equations are useful beyond their application to
black branes: they also manage to capture a remarkable amount of the physics of localized
black holes —not only the known Schwarzschild and Myers-Perry (MP) variety [49], but
also novel, unanticipated black holes at large D. In this article we initiate this approach
with the study of individual neutral black holes, old and new, and their stability.
Black holes from bulging black branes
The basic idea can be easily understood. Consider the simplest case of a black string
compactified on a long circle. Driven by the GL instability, the black string becomes
increasingly inhomogeneous and develops lumps along its length. The endpoint of the
instability depends on the number of spacetime dimensions [50, 51, 52, 40], but for a thin
initial string and at large enough D, the system stabilizes on a configuration with large
blobs that approach the shape of a Schwarzschild black hole, and which are connected by
thin tubes of black string [15]. For a black brane the end result is similar: black-hole-like
bulges on a thin membrane (see fig. 1). We will show that there is a simple, exact solution
of the effective black brane equations that describes a bulge with many of the physical
properties of a Schwarzschild black hole. It can be boosted to move at constant velocity
like a black hole would, and it also generalizes to a solution that rotates around its axis
like a MP black hole.
In the large-D approximation, the bulge on the brane is a good approximation for only
a ‘cap’ of the Schwarzschild (or Myers-Perry) black hole horizon. It may then be surprising
that, even though the angular extent of this cap is small, ∼ 1/√D, it is nevertheless large
enough to accurately account for much of the physics of the black hole when D  1.
In order to illustrate how this is possible, let us take a sphere SD, built as a fibration
of spheres SD−2 over a hemisphere (a topological disk) parametrized by θ ∈ [0, pi/2],
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Figure 1: Black holes as gaussian lumps. Driven by the GL instability, a black membrane develops
a bulge where most of its area and mass are concentrated with a profile that, when D → ∞, is a
gaussian, as shown in the figure. Representing Schwarzschild and Myers-Perry black holes in this
manner accurately captures much of their physics, including their quasinormal vibrations.
φ ∈ [0, 2pi), such that its metric is
dΩD = dθ
2 + sin2 θ dφ2 + cos2 θ dΩD−2 . (1.1)
The area of this sphere can be computed in an exact, recursive manner as
ΩD = ΩD−2 2pi
∫ pi/2
0
dθ sin θ (cos θ)D−2
=
2pi
D − 1ΩD−2 . (1.2)
However, for us it is more interesting to observe that when D is very large the above
integrand is strongly peaked around the center of the hemisphere, θ ≈ 0. We can then
estimate the integral using a saddle-point approximation. If we make
θ =
r√
D
, (1.3)
so that cos θ ≈ 1− r2/(2D), then the ‘density of SD−2-area’ on the plane (r, φ) becomes
a(r) = (cos θ)D−2 ≈ e−r2/2 , (1.4)
and we compute
ΩD ≈ 2pi
D
ΩD−2
∫ ∞
0
dr r e−r
2/2 =
2pi
D
ΩD−2 , (1.5)
which is indeed the leading order approximation to the exact result (1.2) when D  1.
The upshot is that almost all of the area of the sphere is concentrated with a gaussian
profile in a section of small angular extent ∆θ ∼ 1/√D.
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When the sphere is that of a large-D black hole, essentially the same argument reveals
that not only its area, but also the mass and other extensive quantities, as well as the
far-zone gravitational potential 1/rD−3 of the black hole, can be recovered from a small
cap, which can be alternatively viewed as a gaussian bulge on a black brane [14, 11]. More
generally, if we view the SD as a fibration of SD−p over a ball Bp (with p ≥ 1 finite as
D → ∞), then the black hole is very well approximated by a gaussian bulge of width
∼ 1/√D on a black p-brane.
This observation had essentially been made already in [11] and [14]. What we have
discovered, and will demonstrate in this article, is that this small cap of the horizon is suf-
ficient to capture not only static, integrated magnitudes of the black hole: it also contains
dynamical information such as the spectrum and profiles of its quasinormal excitations.
Moreover, the simplicity of the equations has allowed us to identify a new kind of black
hole, namely a rotating black bar, which is stationary when D →∞ but should be slowly
radiating and long-lived for large but finite D. The instability of rotating black holes that
is associated to this new branch of solutions is captured by our leading large-D calculation
at per-cent level accuracy when compared to earlier numerical results [53, 7].
Our study can be usefully related and compared with the effective theory of stationary
black holes at large D that was derived and solved in [13]. In that theory, the singly-
spinning MP black hole is represented as an spheroidal elastic membrane rotating in a flat
background. The theory also yields the quasinormal spectrum of the MP black hole. In
our approach, the bulges of the membrane match the spheroidal membrane around the
symmetry axis on a region of angular size ∼ 1/√D. The two descriptions complement each
other well: the equations of [13] capture all of the horizon, but ours have finer resolution
in the region near the symmetry axis, as we will argue. When the two approaches overlap
we find perfect agreement; in particular, the quasinormal spectra coincide exactly.
Very recently, the elegant formulation of the large-D effective theory by Bhattacharyya,
Minwalla and collaborators [12, 17] has been applied in [45] to describe the simplest
stationary black holes, namely, MP black holes and black rings, in good agreement with
the construction of [13, 16]. It should be interesting to also investigate our approach within
this framework.
Plan
In sec. 2 we lay down the approach based on the effective equations for black branes. In
sec. 3 we present an analysis of stationary configurations that we will use later. In sec. 4
we give the explicit form of the equations for 2 + 1 membranes. These equations are then
solved in sec. 5 to reproduce the axisymmetric Schwarzschild and Myers-Perry black holes
at large D. In sec. 6 we obtain new non-axisymmetric rotating black bar solutions. In
sec. 7 we compute the quasinormal spectrum of Myers-Perry solutions, and in sec. 8 we
find corotating zero modes of black bars. We conclude in sec. 9.
The appendices discuss important issues that involve technicalities besides those in
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the main body of the article. Appendix A shows in detail how the known Schwarzschild
and Myers-Perry solutions become, in the limit D →∞, the same solutions for bulges on
a membrane as we find in sec. 5. Appendix B shows that our perturbations of gaussian
bulges match the spheroidal harmonic decomposition of perturbations of the MP black
hole, and clarifies the relation to the study in [13]. Appendix C discusses the behavior
at large radius of the solutions to our equations, and issues of existence beyond linear
perturbation theory.
2 Effective black brane equations
We begin with an extensive review of the effective theory of large-D black branes as derived
in [15] and further developed in [22]. Readers familiar with this material may skip this
section, and then quickly skim over secs. 3 and 4 to arrive at the solutions in sec. 5.
We write the metric for a dynamical, neutral, vacuum black p-brane to leading order
at large-D in Eddington-Finkelstein coordinates as
ds2 = 2dtdρ−Adt2 − 2
n
Cidσ
idt+
1
n
Gijdσ
idσj + ρ2dΩn+1 , (2.1)
with n = D−3−p. The radial coordinate orthogonal to the brane is ρ, and σi, i = 1, . . . , p,
are spatial coordinates along the brane. The lengths along these directions have been
rescaled by a factor 1/
√
n. The coordinate t is null in (2.1) but it will play the role of
time in the effective membrane theory, which can be regarded as living on a surface at
a distance in ρ of order 1/n away from the horizon. Note also that the time scales we
consider are order one in n (i.e., O (n0)), and thus are slow compared to the short time
scales O (1/n) of the fast quasinormal frequencies that are integrated out in the effective
theory.
The radial dependence in the Einstein equations can be solved to determine that the
metric functions are
A = 1− m(t, σ)
R
, (2.2)
Ci =
pi(t, σ)
R
, (2.3)
Gij = δij +
1
n
pi(t, σ)pj(t, σ)
m(t, σ)R
, (2.4)
where we have introduced the near-horizon radial coordinate R = ρn. Then, the remaining
Einstein equations reduce to a set of effective equations for the functions m(t, σ) and
pi(t, σ), namely
∂tm−∇2m = −∇ipi , (2.5)
∂tpi −∇2pi = ∇im−∇j
(
pip
j
m
)
, (2.6)
where the derivatives are taken in the flat spatial geometry δijdσ
idσj .1
1The generalization to curved membrane geometries has been given in [44].
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These equations encode the effective non-linear dynamics of a black brane at large
D and we will use them to investigate the properties of black holes in this limit. As
we explained in the introduction, our approach is based on the fact that the uniform
black branes (the solutions with m = 1, pi = 0) are unstable and tend to localize into
black-hole-like lumps.
We have written the effective equations as resembling diffusion equations, but they
can also be recast in other forms. For instance, they take on a hydrodynamical aspect if
instead of pi we use the velocity vi, such that
pi = ∇im+mvi . (2.7)
Then the equations (2.5), (2.6) are those of mass continuity
∂tm+∇i(mvi) = 0 , (2.8)
and momentum continuity
∂t(mvi) +∇j (mvivj + τij) = 0 , (2.9)
with effective stress tensor
τij = −mδij − 2m∇(ivj) −m∇j∇i lnm. (2.10)
The function m(t, σ) is (up to constant factors) the effective mass density of the black
brane. Since the horizon is at R = m, we see that (to leading order in 1/D) m is also
equal to the area density. The radius of the horizon is then
ρH = 1 +
R(t, σ)
n
+O (1/n2) , (2.11)
where we have introduced the field
R(t, σ) = lnm(t, σ) (2.12)
as a convenient measure of the area-radius. This radius variable is useful for another, more
geometric interpretation of the effective equations and their solutions: the elastic ‘soap
bubble’ viewpoint discussed in sec. 3.2.
The effective equations have two important symmetries. First, if we perform a Galilean
boost
σi → σi − uit , (2.13)
then the velocity gets shifted accordingly,
vi → vi + ui . (2.14)
The symmetry is Galilean rather than relativistic since when D is large the effective speed
of sound on the black brane decreases as ∼ 1/√D. In (2.1) we rescale the lengths so as
to maintain this speed finite.
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Second, the equations are invariant under constant rescalings m → λm, pi → λpi.
This symmetry corresponds to the scaling invariance of the vacuum Einstein equations,
and allows to fix a reference scale arbitrarily, e.g., to fix the mass of the solutions.
The spatial integrals of m, pi, and mvi are conserved in time when spatially periodic
boundary conditions are imposed, or when these fields vanish at infinity. These are the
conservation laws of mass and momenta. In order to avoid awkward overall factors in the
expressions for mass and angular momenta, we will work with the angular momentum (on
the plane (ij)) per unit mass, which is obtained as
Jij
M
=
∫
dpσm(σivj − σjvi)∫
dpσm
=
∫
dpσ (σipj − σjpi)∫
dpσm
. (2.15)
3 Stationary configurations
3.1 Master equation
We define stationary configurations as those that are invariant under the action of a vector
k = ∂t + v
i∂i . (3.1)
Observe that we do not require that the solution be time-independent. Nevertheless,
k(m) = 0 determines that
∂tm = −vi∂im. (3.2)
Then the mass continuity equation (2.8) becomes the condition that the expansion vanishes
∇ivi = 0 . (3.3)
If in addition we require that k is a Killing vector, ∇(µkν) = 0, then we obtain that the
velocity flow is also time-independent and shear-free,
∂tv
i = 0 , ∇(ivj) = 0 . (3.4)
It may not be obvious that one should require that k be a Killing vector, but this can
be proved from the requirement of absence of shear and expansion [54], since otherwise
viscosity (both shear and bulk) would generate dissipation in the system. The velocity
flow may still have vorticity.
Under these conditions we can follow the steps in [22] and show that, using the mem-
brane radius R (2.12), we can write
∂t(mvi) +∇j(mvivj) = −1
2
eR∇i(v2) (3.5)
and
∇jτij = −eR∇i
(
R+∇2R+ 1
2
(∇R)2
)
. (3.6)
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This reduces the momentum continuity equations (2.9) to a single equation for R,
∇2R+ 1
2
(∇R)2 +R+ v
2
2
= 0 , (3.7)
where we have absorbed an integration constant by appropriately shifting the value of R.
Eq. (3.7) is the master equation that governs the stationary sector of solutions. The
derivation of this equation in [22] made the assumption that ∂tm = 0. We now see that it
also applies to more general stationary configurations in which (3.2) holds instead.
3.2 Elastic viewpoint
The master equation (3.7) admits an interpretation as an elasticity equation for a soap
bubble [11, 13, 22]. To see this, consider embedding the surface
ρ = 1 +
R(σ)
n
(3.8)
in a constant-time section of the Minkowski geometry that appears at large R in (2.1),
(2.2),
ds2 = −dtˆ2 + dρ2 + 1
n
δijdσ
idσj + ρ2dΩn+1 (3.9)
(we have changed from the Eddington-Finkelstein null coordinate t in (2.1) to Minkowski
time tˆ). The trace of the extrinsic curvature of this surface is
K = n+ 1−
(
R+∇2R+ 1
2
(∇R)2
)
+O (1/n) . (3.10)
Then eq. (3.7) can be written, up to next-to-leading order in 1/n, as√
1− v2K = constant , (3.11)
where v = v/
√
n is the physical velocity along the brane, since the lengths in (3.9) are
rescaled by a factor 1/
√
n. The Young-Laplace equation K = constant famously describes
the shape of soap bubbles (more generally, interfaces between fluids). Eq. (3.11), which
was first derived for large-D black holes in [13], includes a Lorentz-redshift factor that
accounts for the possible rotation of the bubble (or any motion along its surface).
This elastic interpretation of the effective theory allows to make sense of some features
of the effective equations that remain obscure in the hydrodynamic version. In the latter,
the constitutive relations (2.10) contain only one term at next-to-viscous order, and none
at higher gradient order. But the large-D expansion is not an expansion in worldvolume
gradients. Why should the effective theory involve only a finite number of them? The
mystery dissipates (at least for stationary solutions) in the elastic interpretation, which
leaves no room for any other form of τij than precisely (2.10), since this is the one that
completes the expression for K in (3.10).
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Furthermore, the elastic viewpoint, in which a membrane with positive tension forms
soap bubbles, may look more natural than a hydrodynamic view where an unstable fluid
with negative pressure (as in (2.10)) clumps into blobs of fluid.2,3
4 Effective 2 + 1 membrane equations
Henceforth we will consider membranes (2-branes), for which we write the spatial geometry
as
ds2 = dr2 + r2dφ2 (4.1)
and set
p = prdr + pφdφ . (4.2)
The equations take the form
∂tm = ∂
2
rm+
∂rm
r
+
∂2φm
r2
− ∂rpr − pr
r
− ∂φpφ
r2
, (4.3)
∂tpr = ∂rm+ ∂
2
rpr +
∂rpr
r
− pr
r2
+
∂2φpr
r2
− 2∂φpφ
r3
−∂r
(
p2r
m
)
− p
2
r
rm
− 1
r2
∂φ
(prpφ
m
)
+
p2φ
r3m
, (4.4)
∂tpφ = ∂φm+
∂2φpφ
r2
− ∂rpφ
r
+ ∂2rpφ +
2
r
∂φpr
− 1
r2
∂2φ
(
p2φ
m
)
− ∂r
(prpφ
m
)
− prpφ
rm
. (4.5)
4.1 Time-independent axisymmetric configurations
For configurations that are independent of t and φ, eq. (4.3) is solved by
pr = ∂rm, (4.6)
i.e., vr = 0. Using this, eq. (4.5) can be rewritten as
∂r
(
mr3∂r
pφ
m
)
= 0 , (4.7)
2For a black brane in AdS the hydrodynamic interpretation is apt since the large-D effective fluid has
positive pressure and is stable. Curiously, the effective elastic equation is one with positive tension, but
the membrane is subject to a gravitational potential from the AdS geometry.
3Note the contrast with the blackfold approach of [55] (which is another effective theory of black brane
dynamics): in the latter some collective degrees of freedom are elastic and others are hydrodynamic,
whereas in the large-D effective theory the same degrees of freedom admit one or the other interpretation.
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where pφ = gφφpφ = pφ/r
2. If we require that m and pφ asymptote to finite values at
r →∞, then we can integrate this equation to conclude that
pφ
m
= Ω (4.8)
is a constant, equal to the angular velocity of the horizon. That is,
pφ = mr
2Ω . (4.9)
Hence we have proven that the rotation velocity vφ = Ω is a constant, which in sec. 3 we
had assumed. Thus we have given the large-D proof of the black hole rigidity theorem.
The remaining equation (4.4), in terms of R(r) = lnm(r), is indeed a particular case
of the master stationary equation (3.7), namely,
R′′ + R
′
r
+
1
2
R′2 +R+ Ω
2r2
2
= 0 . (4.10)
4.2 Stationary membrane master equation
Consider a configuration that is stationary but not necessarily axisymmetric nor time-
independent, and take a purely rotational velocity field,
vφ = Ω . (4.11)
In this case the master equation (3.7) for
R = R(r, φ− Ωt) (4.12)
takes the form
∂2rR+
∂rR
r
+
∂2φR
r2
+
1
2
(
(∂rR)2 + (∂φR)
2
r2
)
+R+ Ω
2r2
2
= 0 . (4.13)
In our subsequent analysis we will make extensive use of this equation and of (4.10), to
which (4.13) reduces for axisymmetric profiles.
The mass density is
m(r, φ− Ωt) = eR(r,φ−Ωt) (4.14)
and the pi are
pr = ∂rm, (4.15)
pφ = ∂φm+ Ω r
2m. (4.16)
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5 Axisymmetric black holes
In ref. [15] the numerical evolution of thin unstable black branes was found to stabilize
at very approximately gaussian profiles m(r) ∼ e−r2/2. It was noticed in [11, 14] that
these reproduce well the features of a Schwarzschild black hole. This is the main intuition
that leads us to seek new solutions to the effective equations (2.5), (2.6) that capture the
physical properties of localized black holes —even if, as we will see later, some of these
are not always stable themselves.
When looking for stationary axisymmetric configurations we only need to solve the
master equation (4.10). The rotation term ∼ Ω2r2 suggests that we try an ansatz where
R is quadratic in r. This yields easily the solution
R(r) = R0 − r
2
2(1 + a2)
, (5.1)
with
Ω =
a
1 + a2
. (5.2)
The constant R0 can be chosen arbitrarily, but our specific choices in (4.10) require that
R0 = 2/(1 + a2), and then
R(r) = 2
1 + a2
(
1− r
2
4
)
. (5.3)
The solution for the mass and area density has gaussian profile
m(r) = m0 exp
(
− r
2
2(1 + a2)
)
, (5.4)
with m0 = e
R0 , and
pr = ∂rm = −m0 r
1 + a2
exp
(
− r
2
2(1 + a2)
)
, (5.5)
pφ = mr
2Ω = m0
ar2
1 + a2
exp
(
− r
2
2(1 + a2)
)
. (5.6)
The angular momentum per unit mass is
J
M
=
∫∞
0 dr r pφ(r)∫∞
0 dr rm(r)
= 2a . (5.7)
This reproduces correctly the large-D value for MP black holes [2], once we take into
account that lengths on the membrane are rescaled by a factor of 1/
√
D. so the physical
value is actually J/(MD) = 2a/D.
Note that Ω ∈ [0, 1/2]. The maximum Ω = 1/2 is achieved for a = 1. On the other
hand, the value Ω→ 0 is reached both when a→ 0 and when a→∞. The former is the
static limit, whereas the latter is the ultraspinning limit where J/M →∞. If we keep the
mass fixed and increase the spin, the brane profile m(r) flattens as it spreads over an area
∝ a2, see fig. 2. The rotation parameter in terms of Ω is
10
Figure 2: Mass density profiles m(r) for black holes with J/M = 0 (left), J/M = 1 (middle),
J/M = 2 (right).
a =
1±√1− 4Ω2
2Ω
, (5.8)
and the + sign gives the ultraspinning branch.
In appendix A we show that these solutions can be recovered if we start with the
known Schwarzschild-Tangherlini and Myers-Perry black holes, and take their limit when
D → ∞ in an appropriate manner. Thus, in the following we will refer to the solution
(5.3), (5.4) as the MP black hole.
5.1 Travelling rotating black holes
The boost symmetry (2.13) can be used to generate solutions that travel at constant
speed ui. Changing to cartesian coordinates (x
1, x2), the travelling rotating black hole is
described by
m(t, x) = m0 exp
(
−(xi − uit)(x
i − uit)
2(1 + a2)
)
, (5.9)
vi = ui +
a
1 + a2
εij(x
j − ujt) . (5.10)
6 Rotating black bars
Remarkably, it is also possible to find explicitly a class of stationary but time-dependent,
non-axisymmetric exact solutions.
6.1 Solution
Assume again that R depends quadratically on r, but now allow an angle-dependent
stationary profile4
R = R0 − r2F (φ− Ωt) . (6.1)
Plugging this ansatz into (4.13), and setting for convenienceR0 = 1, we get an r-dependent
equation for F . If we consider it at r = 0 we get the equation
F ′′ + 4F − 1 = 0 , (6.2)
4Regularity at the rotation axis r = 0 requires that R0 be φ-independent.
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Figure 3: Mass density profile m for the black bar with Ω = 0.3.
which, up to an arbitrary initial value of the phase, is solved by
F =
1
4
+ C cos (2(φ− Ωt)) (6.3)
with constant C. Inserting this again in eq. (4.13), but considering r 6= 0, we find an
algebraic equation that is solved for
C = ±
√
1− 4Ω2
4
. (6.4)
The sign choice here can be absorbed by a phase shift, so the solution we finally obtain is
R(t, r, φ) = 1− r
2
4
(
1 +
√
1− 4Ω2 cos (2(φ− Ωt))
)
. (6.5)
The corresponding mass density is
m(t, r, φ) = exp
(
1− r
2
4
(
1 +
√
1− 4Ω2 cos (2(φ− Ωt))
))
, (6.6)
and the pi are given by (4.15).
This mass profile (6.6) has a dipolar dependence on the angle, and thus can be regarded
as describing a ‘rotating bar’, which extends along the angular directions
φ = Ωt± pi
2
. (6.7)
It is also useful to present the solution in rotating Cartesian coordinates
x = x1 cos Ωt+ x2 sin Ωt = r cos(φ− Ωt) ,
y = x2 cos Ωt− x2 sin Ωt = r sin(φ− Ωt) , (6.8)
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such that x and y are corotating directions transverse to the bar and along the bar,
respectively. If we introduce the length `‖ and width `⊥ of the bar,
`2‖ =
2
1−√1− 4Ω2 ,
`2⊥ =
2
1 +
√
1− 4Ω2 , (6.9)
then the solution (6.5) reads
R(x, y) = 1− x
2
2`2⊥
− y
2
2`2‖
. (6.10)
6.2 Physical properties
The spin per unit mass of this solution is5
J
M
=
1
Ω
. (6.11)
The angular velocity in (6.5) is restricted to 0 ≤ Ω ≤ 1/2. When Ω = 1/2 we recover
a rotating MP black hole (5.1) with a = 1. Starting from this solution and decreasing
Ω the profile (6.6) develops an increasingly longer and narrower shape (see fig. 3), with
longitudinal extent `‖ and transverse thickness `⊥. If we keep the mass fixed, the height
m0 of the bar decreases in proportion to Ω. In the limit Ω→ 0 we have
`‖ →∞ , `⊥ → 1 , (6.12)
and thus we recover an infinite, static black string.
At Ω = 1/2 we have a bifurcation into MP black holes and black bars, see fig. 4. In
both the MP black hole and the black bar the angular velocity decreases from that point
on, but for the same spin and mass, the bar rotates more slowly than the MP black hole.
That is, it has a larger moment of inertia. The solutions with the same mass also have the
same area, so we cannot predict on thermodynamic grounds which of the two solutions
is preferred for given M and J . This requires a computation to a higher order in the
1/D expansion. Nevertheless, since as we will see the MP black holes become unstable
for J/M > 2, and the black bars resemble black strings of finite length, we expect that
the black bar is dynamically stable after the bifurcation6 and also thermodynamically
preferred over the MP black hole.
When Ω is small the length of the bar is `‖ ∼ 1/Ω and we can easily see that J and
M behave like in a rigidly rotating solid,
J ∼M`2‖Ω . (6.13)
A similar relation has been known since long ago to also hold for the ultraspinning MP
black hole, with `‖ ∼ a [56] and also for black rings.
5Henceforth we assume Ω ≥ 0 without loss of generality.
6But only until the appearance of an instability of the black bar at J/M = 3/
√
2 ≈ 2.12, see sec. 8.
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Figure 4: Phases of Myers-Perry black holes (blue line) and black bars (black line) in the plane
(J/M,Ω). The red dots indicate the presence of non-axisymmetric corotating zero modes for MP
black holes (7.13) and for black bars (8.10). The ones in the MP branch encircled by a black dot
indicate also axisymmetric zero modes (7.12). New families of solutions are expected to branch off
all these points.
6.3 Stationarity of black bars
It may seem surprising that a rotating black bar exists as a stationary configuration:
should it not be radiating gravitational waves?
The reason it does not is that in the large-D limit the gravitational radiation decouples
from the effective membrane [8, 11, 30]. The decoupling actually holds to all perturbative
orders in the 1/D expansion.7 In other words, the decay rate of a black bar that is
radiating gravitational waves must be non-perturbatively small in 1/D.
We can easily estimate this rate. The bar has length ∼ Ω−1, and when it rotates it
emits waves with frequency Ω. The radiating power is then
P ∼ GM2ΩD−2 . (6.14)
Since Ω < 1, this implies that the decay rate
M˙
M
=
P
M
∼ GM ΩD−2 (6.15)
is small exponentially in D.
Bar deformations of rotating black holes in D = 6, 7 have been observed in full numer-
ical simulations in [53]. These black bars spin down to a stable configuration through the
emission of gravitational waves. The relaxation timescale in D = 6 is found to be ∼ 100r0,
and in D = 7 even larger than this. So indeed the black bars are long-lived, in agreement
with our arguments.
7The rotating black bar would cease to be stationary, without still radiating, if the effective theory at
higher perturbation orders in 1/D gave rise to dissipation from squared vorticity terms.
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7 Quasinormal modes and stability of MP black holes
Now we analyze the small, linearized perturbations of the previous solutions.
We begin by studying zero modes of the MP black holes, which leave the solution
stationary. Their computation is simpler than the generic non-zero frequency quasinormal
modes, and they are particularly important since they indicate the onset of instabilities
and new branches of stationary solutions. When we solve afterwards for the modes with
finite frequency, we will recover the zero modes as special cases.
7.1 Corotating zero modes
We perturb the rotating MP solution (5.3), while remaining in the stationary sector, by
making
R(r) = 2
1 + a2
(
1− r
2
4
)
+  δR(r)eimφ(φ−Ωt) , (7.1)
with
Ω =
a
1 + a2
, (7.2)
and integer mφ. When mφ = 0 these are axisymmetric, time-independent perturbations,
and therefore are properly zero modes. When mφ 6= 0 their frequency
ω = mφΩ (7.3)
is real and such that the perturbation corotates with the unperturbed black hole. Therefore
we also regard them as zero modes. We can still use eq. (4.13) to study them. Note that
corotating modes satisfying (7.3) are at the threshold for superradiance. Below we will
comment further on this point.
We adjust δR by an additive constant so as to maintain R0 fixed. Then we find the
equation
δR′′ +
(
1
r
− r
1 + a2
)
δR′ +
(
1− m
2
φ
r2
)
δR = 0 . (7.4)
As explained in appendix B, this is precisely the equation for spheroidal harmonics on
SD−2, in the limit n→∞, when we focus on small polar angles θ ∼ r/√n. The appearance
of this equation in this problem is a remarkable illustration of the extent to which the black
brane equations (2.5), (2.6), manage to capture the dynamics of localized black holes. Even
though eqns. (2.5) and (2.6) should seemingly only know about fluctuations of planar black
branes, they also describe accurately the vibrations of a spheroidal, large-D MP black hole.
This explains why in our subsequent analyses we will repeatedly encounter this equation.
Eq. (7.4) has a regular singular point at r = 0 and an irregular point at r = ∞, and
it can be transformed into a confluent hypergeometric equation. The solutions that are
regular at r = 0 and which avoid non-analytic behavior ∼ er2 at r →∞ are expressed in
terms of associated Laguerre polynomials L
|mφ|
k (x), in the form
δR(r) = r|mφ|L|mφ|k
(
r2
2(1 + a2)
)
, (7.5)
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with non-negative integer index
k =
a2 + 1− |mφ|
2
. (7.6)
Then, MP black holes admit corotating zero mode perturbations only when the rotation
parameter has the critical value
a2c = |mφ|+2k − 1 , k = 0, 1, 2, . . . (7.7)
The index k has the interpretation of a ‘radial overtone’ number, such that, for a given
value of mφ, the number of oscillations along r increases with k. It is convenient to
introduce the angular momentum number `
` = 2k + |mφ| (7.8)
for the spherical harmonics of SD−2 (see appendix B), in terms of which the critical values
of the rotation are
a2c = `− 1 . (7.9)
These values are the same as found in [13]. The behavior of (7.5) at large r, R ∼ r`, also
matches the dependence ∼ θ` at small θ of the mode solutions in [13].
We analyze now these solutions in more detail. Note that the solution for |mφ|= 1 and
k = 0 corresponds to a shift of the center of the Schwarzschild solution away from r = 0,
so it is pure gauge.
Axisymmetric, time-independent zero modes. These are obtained when mφ = 0.
In this case the solutions are Laguerre polynomials,
δR(r) = Lk
(
r2
4k
)
, (7.10)
for k = 1, 2, . . .
When k = 1 and therefore a = 1, we have
δR(r) = 1− r
2
4
, (7.11)
which does not yield any new solution: it is a perturbation that varies a, adding angular
momentum to the MP black hole while remaining in the same family of solutions. It has
been known for some time that these zero mode deformations of MP black holes exist at
the maximum of Ω in any D ≥ 6 [57].
The modes for k = 2, 3, . . . , which appear at
a =
√
3,
√
5,
√
7, . . . , Ω =
√
3
4
,
√
5
6
,
√
6
7
, . . . (7.12)
are deformations that should lead to new branches of stationary axisymmetric ‘bumpy
black holes’. These had been first conjectured to exist in D ≥ 6 in [56]. The zero modes
were explicitly constructed numerically in D = 6, 7, 8 in [57], and their non-linear extension
in [58, 59].
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Non-axisymmetric, corotating zero modes. When we consider |mφ|> 0 there are
zero modes for
a = 1,
√
2,
√
3, 2, . . . , Ω =
1
2
,
√
2
3
,
√
3
4
,
2
5
, . . . (7.13)
Observe that when different values of mφ and k combine to give the same value of |mφ|+2k,
then the same solution admits several zero modes.
The ‘fundamental’ modes with k = 0 have a simple radial profile,
δR(r) = r|mφ| . (7.14)
Of these modes, the first non-trivial one, with |mφ|= 2, corresponds to the black bar in a
perturbative expansion around a = 1, namely (taking a real perturbation)
R(r) = 1− r
2
4
+  r2 cos(2φ− t) . (7.15)
Higher values of |mφ| signal new branches of solutions with higher multipole-bar deforma-
tions.
Solutions with k > 0 involve additional, higher powers of r, so they have more radial
oscillations and can be regarded as ‘bumpy mφ-bar modes’.
7.2 Quasinormal modes
In order to study the spectrum of QNMs at arbitrary finite frequency, we need to turn to
the full equations (4.3) (4.4), (4.5). We perturb around the MP black hole, taking
m = m¯(r) +  e−iωt+imφφ δm(r), (7.16)
pr = p¯r(r) +  e
−iωt+imφφ δpr(r), (7.17)
pφ = p¯φ(r) +  e
−iωt+imφφ δpφ(r), (7.18)
with the background m¯, p¯r, p¯φ given by (5.4), (5.5), (5.6), and working to linear order in
. By doing so, we obtain three coupled ODEs for the radial profiles. Quite remarkably,
the spectrum of QNM can be found analytically. To do so, we first find a decoupled sixth
order equation for δm, which can be easily obtained by taking linear combinations of the
fluctuation equations. This equation takes the form
L1L2L3δR(r) = 0 , (7.19)
where (up to irrelevant constant factors)
δR(r) = δm(r)
m¯(r)
= exp
(
r2
2(1 + a2)
)
δm(r) , (7.20)
and Li are three second order, linear differential operators of the form
Li = d
2
dr2
+
(
1
r
− r
1 + a2
)
d
dr
+
mφ + 2ki
1 + a2
− m
2
φ
r2
. (7.21)
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Here we recognize again the confluent hypergeometric operators of appendix B, whose
eigenfunctions are spheroidal harmonics of the SD−2 at large D.
The constants ki are the three roots of the cubic equation
0 = k3 − γω
2
k2 +
γω
(
1− a2 + γω
)
+ 2
(
a2 − 3)− 3(a− i)2mφ
12
k (7.22)
+
(
a2 + 6ia− γω − 3
) (
a4 − 6ia3 − 2(a− 3i)aγω − 9(a− i)2mφ − 18ia+ γ2ω − 9
)
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,
where we have introduced
γω = 3i
(
a2 + 1
)
ω + a2 − 3iamφ − 3mφ + 3 . (7.23)
For any ki the operators (7.21) commute. Thus, the profiles correspond to the solutions
of LiδR = 0, for i = 1, 2, 3. Since the ki are all roots of the same polynomial, the three
equations are equivalent. The solutions that are regular at r = 0 and at infinity are given
by the associated Laguerre polynomials (7.5) with
k = 0, 1, 2, 3 . . . (7.24)
This imposes a quantization condition on the frequencies that appear in (7.22), which is
itself a cubic equation in ω. In order to write it more manifestly as such, it is convenient
to use, instead of k, the angular momentum parameter ` of (7.8). Using it, (7.22) can be
rewritten as8
0 = ω3 − ω
2 (3(a|mφ|−i`) + 4i)
a2 + 1
+
ω
(
a2
(
3|mφ|2+`− 4
)− 6ia|mφ|(`− 1)− (`− 1)(3`− 4))
(a2 + 1)2
−(a|mφ|−i`)
(
a2
(|mφ|2+`− 2)− 2ia|mφ|(`− 1)− (`− 2)(`− 1))
(a2 + 1)3
. (7.25)
For a given solution of this equation, eqs. (7.5) and (7.20) yield the profile of δm(r) as
δm = e
− r2
2(1+a2) r|mφ|L|mφ|k
(
r2
2(1 + a2)
)
. (7.26)
Using this in the linearized perturbation equations we can obtain δpr and δpφ, which are
uniquely determined once regularity at infinity is imposed. They are finite polynomials but
their general expressions are cumbersome, so we do not give them explicitly. Nevertheless,
one can readily obtain the coefficients of the polynomials in particular cases by inserting the
specific polynomial (7.26) in the linearized equations of motion and solving the resulting
algebraic equations for the coefficients.
The solution to the cubic (7.25) for ω can be given explicitly for generic values of
` and mφ, but it is rather unilluminating. Instead, we will discuss generic features of
axisymmetric and non-axisymmetric modes, and then consider certain special modes.
8This agrees with the result of [13], after correcting typos in their eq. (4.20).
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Axisymmetric modes: mφ = 0
• k = 0, ` = 0. There are no non-trivial regular modes. Besides the trivial constant
mode with ω = 0 we find
ω =
2
1 + a2
(i± a) , (7.27)
which appear to be unstable modes, but their profiles for pφ approach a constant at
infinity, which results in unphysical infinite angular momentum.
• k ≥ 1, ` = 2, 4, 6, . . . . All the solutions to (7.25) yield regular profiles of the form
δpr = e
− r2
2(1+a2) r
k∑
i=0
δp(i)r r
2i , (7.28)
δpφ = e
− r2
2(1+a2) r2
k∑
i=0
δp
(i)
φ r
2i . (7.29)
Non-axisymmetric modes: |mφ|≥ 1
• k = 0, ` = |mφ|. The frequencies of these fundamental quasinormal ‘bar-modes’
obtained from (7.25) are
ω0 =
(|mφ|+2)a− i(|mφ|−2)
1 + a2
, (7.30)
ω± =
√|mφ|−1
1 + a2
(
a
√
|mφ|−1± 1− i
(√
|mφ|−1∓ a
))
. (7.31)
Modes with ω = ω0 have momenta which are regular for |mφ|> 2, and they are
stable. For |mφ|= 1, 2 they are singular, i.e., unphysical.
Modes with ω = ω± are regular for |mφ|≥ 1 and have profiles of the form
δpr = e
− r2
2(1+a2) r|mφ|+1δp(1)r , (7.32)
δpφ = e
− r2
2(1+a2) r|mφ|+2δp(1)φ . (7.33)
The mode ω+ with |mφ|= 2 and a = 1 is the corotating black bar mode (7.15). More
generally, the modes ω+ with |mφ|≥ 2 and ω+ = a =
√|mφ|−1 are purely real and
correspond to the non-axisymmetric corotating zero-modes in (7.13).
• k ≥ 1. All profiles are regular, with momenta of the form
δpr = e
− r2
2(1+a2) r|mφ|−1
k+1∑
i=0
δp(i)r r
2i , (7.34)
δpφ = e
− r2
2(1+a2) r|mφ|
k+1∑
i=0
δp
(i)
φ r
2i . (7.35)
When written in Cartesian coordinates these modes are manifestly regular at the
origin, even when |mφ|= 1, for which the radial profiles behave as pr ∼ 1, pφ ∼ r
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near r = 0. The contribution from the angular part eimφφ plays a crucial role for
regularity.
These modes can become unstable for sufficiently large values of a, as we discuss below.
Schwarzschild modes. When a = 0 the solutions to (7.25) are
ωSch± = ±
√
`− 1− i(`− 1), ωSch0 = −i(`− 2) . (7.36)
Modes with frequencies ωSch± are physical (have finite total angular momentum) for
` > 1. This matches the earlier result of [8] for the quasinormal frequencies that are
scalars of SD−2 for the Schwarzschild solution at large D.
Modes with frequency ωSch0 are regular only for ` > 2. They can be seen to have
constant δR, which identifies them as vector deformations of the SD−2. The calculation
of [8] gave the vector frequency as ω0 = −i(` − 1). The difference with (7.36) is simply
due to the fact that in app. B we identified ` using the scalar spherical harmonics, while
for the vector harmonics ` is shifted by 1.
All the allowed modes in (7.36) are stable, in agreement with the proven mode stability
of the Schwarzschild-Tangherlini solution in all D [60].
Near-critical unstable modes. For
a = ac ≡
√
`− 1 , ω = |mφ| a
1 + a2
, ` ≥ 2 , (7.37)
we recover the corotating zero modes discussed in section 7.1. These modes have purely
real frequency, but they mark the appearance of unstable modes as a increases past each
critical value ac. We can verify this by moving slightly away from the critical points, by
setting
ω = |mφ| ac
1 + a2c
+ δω , a = ac + δa . (7.38)
Linearizing (7.25) in δω and δa we find that the frequency develops an imaginary part,
Imω = δa
ac
a2c(1 + a
2
c)
2 +m2φ
(
2m2φ
1 + a2c
+ a4c − 1
)
. (7.39)
Since ac ≥ 1, we see that Imω > 0 whenever δa > 0, so the mode is unstable, while if
δa < 0 the mode has Imω < 0 and therefore is stable. Hence, as the rotation increases
crossing each of the critical values, a new unstable mode is added to the MP black hole.
Eq. (7.39) gives the growth rate of the bar-mode instability near the threshold (ac = 1
and mφ = 2) as
Imω =
1
2
δa . (7.40)
Interestingly, this unstable growth rate of bar modes has been computed numerically in
D = 6, 7 in [53] and [7], who find (in units where r0 = 1)
Imω ∼ Cτδa (7.41)
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with
Cτ ∼ 0.51 (D = 6) Cτ ∼ 0.54 (D = 7) [53] , (7.42)
Cτ ∼ 0.521 (D = 6, 7) [7] . (7.43)
The leading-order large-D result from (7.40),
Cτ = 1/2 (7.44)
is in agreement with the numerical calculations to a few percent level. More generally
one can readily verify that the plots of quasinormal frequencies, both real and imaginary,
obtained from (7.25) as a function of a agree very well with the results presented in [7].
Bar modes and the CFS instability. The real part of the frequency of the bar mode
near the critical point is
Reω = |mφ|Ω− 1
4
δa |mφ| , (7.45)
so we see that as the rotation increases, the stable mode before the critical rotation (with
δa < 0), rotates faster than the black hole, whereas the unstable mode (with δa > 0)
rotates more slowly than the black hole. The superradiant limit ω = |mφ|Ω corresponds
of course to exact corotation.
This behavior is strongly reminiscent of the Chandrasekhar-Friedman-Schutz (CFS)
instability in neutron stars [61, 62]: unstable modes are present only for perturbations
that rotate in the same sense that the star but more slowly than it. This is because when
the perturbation moves backwards relative to the star, but forwards relative to inertial
observers, it excites the emission of gravitational waves that remove positive angular mo-
mentum from the mode, driving the deformation even slower. In our set up the emission
of gravitational waves is suppressed, so the details of the instability mechanism are not
the same, but it seems plausible that the two phenomena are related.
8 Corotating perturbations of black bars
Black bars approach black strings as Ω→ 0, so it is natural to expect that at sufficiently
small Ω they develop instabilities similar to the Gregory-Laflamme instability of black
strings. This argument, however, does not determine at what values of Ω the instabilities
set in. This requires a perturbative analysis of finite black bars with non-zero Ω.
The generic linearized perturbations of black bars with 0 < Ω < 1/2 are rather more
complicated than those of either the black strings or the MP black holes. Nevertheless,
using (4.13) we have been able to explicitly obtain corotating, zero mode perturbations.
These appear at discrete values of Ω, and approach the GL zero modes of a black string as
Ω→ 0. As with the MP black holes, we expect that these zero modes mark the addition
of new unstable modes, as well as indicate new branches of stationary, ‘bumpy black bar’
solutions.
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Using the Cartesian coordinates of (6.8), the equation for corotating linear perturba-
tions δR is
∇2δR−
(
x
`2⊥
∂x +
y
`2‖
∂y
)
δR+ δR = 0 . (8.1)
We look for factorized solutions
δR = fx(x)fy(y) . (8.2)
These must satisfy (
∂2x −
x
`2⊥
∂x + 1
)
fx =
ny
`2‖
fx , (8.3)(
∂2y −
y
`2‖
∂y
)
fy = −ny`2‖ fy , (8.4)
where, for later convenience, we have written the separation constant as
ny
`2‖
.
These equations are again of confluent hypergeometric type. If we demand regular,
algebraically-bounded behavior at the irregular point at infinity, the solutions are Hermite
polynomials
fx(x) = Hnx
(
x√
2`⊥
)
, fy(y) = Hny
(
y√
2`‖
)
, (8.5)
where nx is another constant given in terms of ny and Ω by
nx = `
2
⊥ −
`2⊥
`2‖
ny . (8.6)
The solutions are finite polynomials only if nx and ny take non-negative integer values.
Therefore, co-rotating zero modes exist for a discrete set of values of Ω determined by
solving (8.6). This gives
Ω =
√
1− nx
√
ny − 1
|ny − nx| (8.7)
(recall we only consider Ω ≥ 0).
When Ω = 0, which is a static, infinite black string and is obtained for either nx = 1
or ny = 1, we do not obtain anything new. The perturbation with nx = 1 is simply a
translation of the black string in the orthogonal direction x, while ny = 1 are sinusoidal
deformations along y corresponding to the GL zero modes of a black string.
There is only one mode that is not constant along the orthogonal direction x, i.e.,
with nx 6= 0, namely, nx = 2 and ny = 0. However, this is the bar-mode along x of the
Ω = 1/2 MP black hole (i.e., (7.15)), so again we do not get any new physical solution.
The remaining modes all have nx = 0 and thus are uniform along x. They have
Ω =
√
ny − 1
ny
, `2‖ = ny , `
2
⊥ =
ny
ny − 1 , (8.8)
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Figure 5: Mass density profile m(x, y) = exp(R+  δR) for black bars perturbed by zero modes.
From left to right: perturbations with ny = 4, 5, 200.
and
δR = Hny
(
y√
2ny
)
. (8.9)
For ny = 2 this is again a bar-mode of the Ω = 1/2 MP black hole, so we disregard it.
However, for
ny = 3, 4, 5, . . . , Ω =
√
2
3
,
√
3
4
,
2
5
. . . (8.10)
we find genuinely new zero modes, which extend all the way down to Ω = 0 as ny → ∞.
Remarkably, these are the same values (7.13) of Ω for which the MP black holes admit zero
modes (the one at Ω = 1/2 gives the black bar itself), even if the spins of the corresponding
solutions are different (see fig. 4).
These perturbations create bumps along the length of the black bars, as shown in
figure 5. The first non-trivial mode, with
ny = 3 , Ω =
√
2
3
≈ 0.47 , (8.11)
has the profile
δR = −
(
2
3
)3/2
y
(
9− y2) , (8.12)
which is odd in y. We are not representing it in fig. 5 since its skewed gaussian shape is
not very illustrative. The next mode, with
ny = 4 , Ω =
√
3
4
≈ 0.43 , (8.13)
has the profile
δR = 12− 6y2 + y
4
4
, (8.14)
and is shown in fig. 5 (left).
We expect that, when continued into the non-linear regime, both the even and the odd
modes give rise to branches of bumpy black bars. However, the even modes can be added
or subtracted from the initial black bar, creating a dip or a rise at its center. These two
possibilities will lead to two different branches of bumpy black bars, analogous to what
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happens for bumpy black holes [58, 59]. In contrast, the odd modes will give only one
branch of skewed bumpy black bars.
Modes with high ny, i.e., Ω  1, give a perturbation of the mass density that is
asymptotically of the form
δm(x, y) = eRbar(x,y)Hny
(
y√
2ny
)
→ e1−
x2
2
− y2
4ny cos
(
y − nypi
2
)
. (8.15)
Therefore, very long black bars have zero modes that, away from the edges of the bar,
where |y| `‖ = √ny, approach the sinusoidal oscillations of the GL modes of a black
string, as we anticipated. We see that the modes with even ny converge to cos y, whereas
the modes with odd ny converge to sin y. In this limit, odd and even modes are equivalent
as they are simply shifted in y by pi/2. However, for non-zero values of Ω the even and
odd modes are physically distinct from each other.
The linear stability of black bars requires the investigation of non-corotating pertur-
bations, which we have not done, but we can expect that unstable modes are added after
each new zero mode appears. Given the similarities to the GL phenomenon, we find it
natural to conjecture that black bars in the limit D → ∞ are linearly stable when they
are short enough, more precisely when
√
2
3
< Ω <
1
2
, (8.16)
and then only in this rather narrow range. Then, as Ω decreases below each of the critical
rotation values (8.10), the black bar will successively acquire new unstable modes.
9 Final discussion and outlook
Effective theories of large-D black holes have by now been developed in several forms,
sometimes with non-coincident but overlapping ranges of application. The approach we
have proposed in this article, which views black holes as localized bulges on a very thin
black brane, in principle only deals with perturbation amplitudes ∼ 1/D and a range
of horizon lengths ∼ 1/√D. But within this extent, we have been able to recover the
most interesting physics of the Schwarzschild and Myers-Perry black holes. The set of
equations (2.5), (2.6), initially designed to encode the dynamics of black branes, also
manage to account for fine details of the fluctuations of an spheroidal, rotating black hole.
Black bars are another outcome of our study, and they deserve further investigation.
Obtaining their unstable decay rate to GL-like inhomogeneities should be feasible, possibly
analytically and if not, then numerically. But understanding their behavior at finite values
of D is probably more relevant. Long-lived black bars have been observed numerically in
D = 6 and D = 7 [53], and may perhaps appear (though probably very short-lived)
even in D = 5, since black strings exist in this dimension. Pursuing the investigation of
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their properties through a combination of numerical and analytical methods is a rather
compelling problem in higher-dimensional General Relativity.
The whole membrane
How does our approach relate to the large-D construction in [13] of stationary black holes?
The spheroidal rotating membranes of [13] describe all of the horizon of the MP black hole,
with polar angles varying over the entire range 0 ≤ θ ≤ pi/2, and not just a small cap of
extent ∆θ = O
(
1/
√
D
)
. However, as we argue in appendix B, the spheroidal membrane
equations are too coarse-grained to resolve the structure of the waveforms of quasinormal
modes, which occurs on the shorter scales that our approach captures in detail.
On a more technical level, the character of the differential equations is different in each
of the two approaches: they are of first order in θ in [13], and of second order in r in (4.3)-
(4.5). This has consequences when trying to solve them beyond linear perturbation theory.
Nevertheless, the two approaches overlap on a common angular region 1/
√
D  θ  1,
equivalent to 1 r  √D, where they can be matched to each other. It seems likely that
such matching constructions, which can be readily made for the solutions with gaussian
profiles, will be needed in order to better understand the complete space of solutions.
The two approaches are then seen to be complementary. In this regard, it will be
interesting to obtain black bars as effective membranes extending over the entire range of
polar angles. A matching construction using the solutions in this article is straightforward,
but perhaps black bars can also be found entirely within the approach of [13]9.
Bumpy black holes and black bars, and other directions
We have found linearized zero-mode perturbations of both MP black holes and black bars,
which indicate the appearance of new branches of solutions. Bumpy black holes are indeed
known at finite D [58, 59], and other solutions such as black rings have been constructed
and studied as large-D membranes in [16, 24, 45]. Can we find these as non-linear solutions
of our master equation for stationary configurations (4.13)? Our preliminary attempts at
this are inconclusive yet (see app. C). Possibly, a matching to the description in [13] is
needed.
Finally, our approach to large-D black holes can be readily extended to investigate
charged rotating black holes, as well to describe black hole collisions. Work is in progress
on these problems, and we hope to report on it in the future.
9In this case, the bar amplitude may have to be O (1/D) in order to be embeddable in the background
as a distorted spheroidal membrane. This problem requires membrane equations with time dependence,
which are more general than those presented in [13], but which can be obtained from the formalism in
[16, 24], and also from [17].
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A Large-D limit of Schwarzschild and Myers-Perry black
holes
The Schwarzschild-Tangherlini and Myers-Perry black holes admit large-D limits in which
they fit in the class of solutions of the form (2.1), (2.2) with arbitrary p. We will illustrate
this by casting them as gaussian bulges on strings, then on 2-branes, and finally on 2p-
branes.
A.1 Gaussian string
Begin with the Schwarzschild-Tangherlini solution,
ds2 = −
(
1− 1
rˆn
)
dtˆ2 +
drˆ2
1− rˆ−n + rˆ
2dθ2 + rˆ2 cos2 θdΩn , (A.1)
where we have set the horizon radius to one. In analogy to our discussion in the in-
troduction, the sphere Sn+1 is built here as a fibration of spheres Sn over the interval
θ ∈ [−pi/2, pi/2], with the equator at θ = 0.
In order to take the large-D limit, change (rˆ, θ)→ (ρ, z) as
ρ = rˆ cos θ , z =
√
n rˆ sin θ , (A.2)
and let n → ∞ while keeping z finite. In this limit we are focusing on a small region
around
θ = O
(
1√
n
)
. (A.3)
Introduce
R = ρn . (A.4)
Then, since
rˆ2 = ρ2 +
z2
n
, (A.5)
we have, at large n,
rˆn = R ez
2/2 . (A.6)
We are viewing ρ (and R) as the coordinate orthogonal to the brane, and z as the
coordinate along the brane. Since the horizon is actually at constant rˆ, this means that
we regard it as a brane that is bent along the z direction.
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In these coordinates, and in the limit of large n, the solution (A.1) becomes
ds2 ' −Adtˆ2 + 1
n2
dR2
AR2
+
1
n
(
1 +
1
n
z2e−z2/2
AR
)
dz2 + ρ2dΩn , (A.7)
with
A = 1− e
−z2/2
R
. (A.8)
Change to the Eddington-Finkelstein time t,
t = tˆ− 1
n
ln(AR) = tˆ− 1
n
ln
(
R− e−z2/2
)
. (A.9)
The solution now takes the form of (2.1) with
m(z) = e−z
2/2 , p(z) = z e−z
2/2 . (A.10)
This limit had also been obtained (though in a different gauge) in [14].
A.2 Gaussian singly-rotating membrane
If we extend now the previous limit to involve two directions on the SD−2, we can incor-
porate the effects of rotation on the plane of these directions.
Consider then the Myers-Perry black hole with a single spin in D = n+ 5 [49],
ds2 = −
(
1− 1
rˆnΣ
)
dtˆ2 +
2a sin2 θ
rˆnΣ
dtˆdφˆ+
(
rˆ2 + a2 +
a2 sin2 θ
rˆnΣ
)
sin2 θ dφˆ2
+
Σ
∆
drˆ2 + Σdθ2 + rˆ2 cos2 θdΩn+1 (A.11)
where
Σ = rˆ2 + a2 cos2 θ , ∆ = rˆ2 + a2 − 1
rˆn
, (A.12)
and θ ∈ [0, pi/2].
The horizon is at rˆ = rH , where ∆(rH) = 0. Then it satisfies
rH =
(
1 +
a2
r2H
)− 1
n+2
. (A.13)
When n→∞ we have
rH → 1 , rnH →
1
1 + a2
. (A.14)
Now change (rˆ, θ)→ (ρ, r), with
ρ = rˆ cos θ , r =
√
n(rˆ2 + a2) sin θ . (A.15)
It is useful to note that
Σ
(
drˆ2
rˆ2 + a2
+ dθ2
)
+
(
rˆ2 + a2
)
sin2 θ dφˆ2 + rˆ2 cos2 θdΩn+1 = dρ
2 +
dr2 + r2dφˆ2
n
+ρ2dΩn+1 .
(A.16)
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ρ is the coordinate orthogonal to the membrane. The membrane worldvolume is described
in polar coordinates in which r is the radius and φˆ the polar angle.
We introduce
R = (1 + a2)ρn . (A.17)
Then
rˆn =
R
1 + a2
e
r2
2(1+a2) . (A.18)
In the new coordinates, expanding in 1/n, the metric becomes
ds2 ' −Adtˆ2 + 1
n
2a
1 + a2
r2e
− r2
2(1+a2)
R
dtˆ dφˆ+
r2
n
1 + r2
n
a2
(1 + a2)2
e
− r2
2(1+a2)
R
 dφˆ2
+
1
n2
dR2
AR2
+
1
n
1 + r2
n(1 + a2)2
e
− r2
2(1+a2)
AR
 dr2 + ρ2dΩn+1 , (A.19)
with
A = 1− e
− r2
2(1+a2)
R
. (A.20)
In order to go to Eddington-Finkelstein coordinates, change
tˆ = t+
1
n
ln(AR) , φˆ = φ− 1
n
a
1 + a2
ln(AR) . (A.21)
The metric is now of the form of (2.1) with
m(r) = e
− r2
2(1+a2) ,
pr(r) = − r
1 + a2
e
− r2
2(1+a2) , (A.22)
pφ(r) =
ar2
1 + a2
e
− r2
2(1+a2) .
This is the same as we found in (5.4), (5.5), (5.6) (here with R0 = 0) by direct solution of
the large-D effective membrane equations. Therefore the MP black hole is represented as
a gaussian blob on the membrane, whose width expands as a grows.
A.3 Gaussian multiply-rotating brane
Finally, we show how this construction extends to a more general limit of the Myers-Perry
black hole, in which a gaussian bulge extends along any finite number of directions. For
definiteness, we will consider that these are 2p directions, with p spins turned on along
corresponding rotation planes. Note, however, that it is not necessary that the rotation is
non-zero in order to find a gaussian bulge on the brane: if there is no rotation, the bulge
is just narrower. Also, we could easily add a single, odd direction to the profile, i.e., the
brane need not be an even-brane but for simplicity we will not do it.
28
Setting D = 2p+ n+ 3, the metric is [49]
ds2 =− dt2 + rˆ
γ
ΠF
(
dt+
p∑
i=1
aiµˆ
2
i dφi
)2
+
ΠF
Π− rˆγ drˆ
2
+
p∑
i=1
(rˆ2 + a2i )(dµˆ
2
i + µˆ
2
i dφ
2
i ) + dρ
2 + ρ2dΩ2n+1 , (A.23)
where γ = 2 (1) if D is odd (even), the metric functions are
F = 1−
p∑
i=1
a2iµ
2
i
rˆ2 + a2i
, (A.24)
Π = rˆn
p∏
i=1
(
rˆ2 + a2i
)
, (A.25)
and the coordinates satisfy implicitly
ρ2 = rˆ2
(
1−
p∑
i=1
µˆ2i
)
. (A.26)
The horizon is at rˆ = rH defined by Π|rH = r
γ
H , which implies that
rH =
(
p∏
i=1
(
1 +
a2i
r2H
))− 1n+2p−γ
n1−−−→ 1 , (A.27)
and
rnH → P ≡
p∏
i=1
(
1 + a2i
)
. (A.28)
Now we focus on regions where µˆi ' O
(
n−
1
2
)
, so we define the new variables
ri =
√
n
(
rˆ2 + a2i
)
µˆi . (A.29)
Enforcing the constraint (A.26), we note that, to leading order,
ΠF
Π− rˆγ drˆ
2 + dρ2 +
p∑
i=1
(rˆ2 + a2i )(dµˆ
2
i + µˆ
2
i dφ
2
i )
' dρ2 +
p∑
i=1
dr2i + r
2
i dφ
2
i
n
. (A.30)
We introduce
R = ρnP . (A.31)
Then
rˆn =
R
P
(
1− 1
n
p∑
i=1
µ2i
)−n
2
' R
P
(
1 +
1
n
p∑
i=1
µ2i
)n
2
=
R
P
(
1 +
1
n
p∑
i=1
r2i
rˆ2 + a2i
)n
2
→ R
P
e
∑p
i=1
r2i
2(1+a2i ) . (A.32)
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In the new coordinates, expanding in 1/n, the metric becomes
ds2 ' −Adt2 + 1
n
p∑
i=1
air
2
i
1 + a2i
e
−∑pj=1 r2j2(1+aj)
R
dt dφi +
1
n2
dR2
AR2
+
p∑
i,j=1
rirj
n
δij + 1
n
aiajrirj
(1 + a2i )(1 + a
2
j ))
e
−∑pk=1 r2k2(1+a2
k
)
R
 dφidφj
+
p∑
i,j=1
1
n
δij + rirj
n(1 + a2i )(1 + a
2
j )
e
−∑pk=1 r2k2(1+a2
k
)
AR
 dridrj
+ρ2dΩn+1 , (A.33)
with
A = 1− e
−∑pi=1 r2i2(1+a2
i
)
R
. (A.34)
With a final change to Eddington-Finkelstein coordinates,
tˆ = t+
1
n
ln(AR) , φˆi = φi − 1
n
ai
1 + a2i
ln(AR) . (A.35)
the metric now takes the form of (2.1) with the gaussian profiles
m(ri) = e
−∑pi=1 r2i2(1+a2
i
) ,
pri(ri) = −
ri
1 + a2i
e
−∑pi=1 r2i2(1+a2
i
) , (A.36)
pφi(ri) =
ar2i
1 + a2i
e
−∑pi=1 r2i2(1+a2
i
) .
B Spheroidal harmonics at large D
Here we analyze scalar spheroidal harmonics at large D and relate them to our study
of quasinormal perturbations of gaussian black-hole lumps in sec. 7. Initially we follow
appendix C of [13], but then we depart from it so as to highlight the differences and
connections between their approach and ours.10
As in [13], we study the massless scalar field equation
Ψ = 0 (B.1)
in flat space in D = n+ 5 dimensions, written in spheroidal coordinates,
ds2 = −dt2 + (rˆ2 + a2 cos2 θ)
(
drˆ2
rˆ2 + a2
+ dθ2
)
+(rˆ2 + a2) sin2 θ dφ2 + rˆ2 cos2 θ dΩn+1 (B.2)
10Related aspects have been analyzed by K. Tanabe, to whom we are indebted for private communica-
tions.
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(appropriate for embedding a rotating, MP-type, large-D membrane).
We separate variables as
Ψ = e−iωteimφφψ(rˆ)S(θ) , (B.3)
where, in order to avoid inessential details, we are assuming no dependence on the angles
of the sphere Sn+1. Introducing a separation constant Λ, we obtain the equations11(
1
rˆn+1
d
drˆ
(rˆ2 + a2)rˆn+1
d
drˆ
+
m2φa
2
rˆ2 + a2
+ ω2rˆ2 − Λ
)
ψ(rˆ) = 0 (B.4)
and (
d2
dθ2
+ (cot θ − (n+ 1) tan θ) d
dθ
− m
2
φ
sin2 θ
+ ω2a2 cos2 θ + Λ
)
S(θ) = 0 . (B.5)
When a = 0 we get the usual scalar spherical harmonics, with the separation constant
quantized as
Λ = `(`+ n+ 2) , (B.6)
where ` is a non-negative integer. This result indicates that if we consider ` = O (1), then
we must have Λ = O (n). The authors of [13] argue that it is appropriate to extend this
behavior to a 6= 0 and set
Λ = n`+O (1) . (B.7)
They then proceed to take the the limit n → ∞ in (B.5) while keeping θ = O (1). This
yields, to leading order,
dS(θ)
dθ
=
`
tan θ
S(θ) , (B.8)
which is solved by
S`(θ) = sin
` θ . (B.9)
Crucially, note that in the limit from (B.5) to (B.8) the latter has become a first order
equation —so the condition of regularity at θ = pi/2, which leads to the quantization of `,
is mysteriously absent—, and its solutions S`(θ) have lost all the characteristic structure
of the spherical harmonics with nodes in the angular direction. These two features are
intimately related, and point to the fact that when n is large, the angular structure of the
spherical harmonics is hidden within a small region θ = O (1/√n), which is invisible when
we consider θ = O (1).
In order to reveal this fine structure, we first rescale the angle in the by now familiar
manner (cf. (A.15)),
θ =
r√
n(1 + a2)
, (B.10)
11The differences with [13] are a shift in the definition of Λ and a corrected typo in their radial equation,
both inconsequential to the rest of the analysis.
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so that, when we now take n→∞, (B.5) becomes(
d2
dr2
+
(
1
r
− r
1 + a2
)
d
dr
+
`
1 + a2
− m
2
φ
r2
)
S(r) = 0 . (B.11)
This is a second-order equation, exactly the kind of confluent hypergeometric equation
that we encounter when we study perturbations of the gaussian MP black holes in sec. 7.
Requiring regularity at both r = 0 and r →∞, its solutions are given in terms of associated
Laguerre polynomials,
S(r) = r|mφ|L|mφ|k
(
r2
2(1 + a2)
)
, (B.12)
where the non-negative integer index k specifies the quantization condition on ` through
the relation (7.8).
Now the eigenfunctions (B.12) have the expected k nodes away from r = 0. Moreover,
since the L
|mφ|
k are polynomials of k-th order, then at large values of r we have
S(r) ∼ r` , (B.13)
which correctly matches the behavior of (B.9) at small θ.
We conclude that our approach to localized black holes based on the effective black
brane equations is able to accurately capture the detailed structure of linear perturbations
of a black hole, and in particular its quasinormal modes —not only the frequency spectrum,
but also their waveforms. It can be smoothly continued into the approach of [13] at larger
angles θ = O (1), by asymptotic matching over a common region where 1 r  √n, i.e.,
1/
√
n θ  1.
C Large r behavior and other non-linear solutions
All the exact non-linear solutions for R in secs. 5 and 6 behave at large r like
R ∼ −r2 . (C.1)
Equivalently, the mass density m falls off like a gaussian at asymptotic infinity. However,
the non-trivial perturbations of these solutions all tend at large r to higher powers, δR ∼ r`
with ` > 2. We may ask whether the master equation (4.13) admits non-linear solutions
with this higher-than-quadratic behavior as r →∞.
It is not difficult to prove that this is not possible. Assume that R extends towards
r →∞ with−R growing larger than r2. Any possible dependence on φ yields subdominant
effects, so we can consider (4.10) and drop other negligible terms to find
R′′ + 1
2
R′2 +R ' 0 . (C.2)
This is the same as the equation in [11] governing stationary black strings. It can be
integrated once to cast it as the mechanics of a one-dimensional classical particle,
1
2
R′2 + V (R) ' 0 (C.3)
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in the potential
V (R) = R+ Ce−R . (C.4)
The integration constant C can be either positive or negative. If C > 0 (so that V has a
minimum, which was the case of interest in [11] for black strings in a compact circle) the
potential is bounded below and there is no possibility of R diverging at large r. Thus we
must consider C < 0, for which V (R) → −∞ as R → −∞. In this case, however, there
are no power-law solutions. Instead, we find that R diverges logarithmically,
R → 2 ln(r0 − r) (C.5)
at some (sufficiently large) finite radius r0.
This singularity is not obviously pathological: the mass density m = eR vanishes as
r → r0, and if we set m = 0 for r ≥ r0 then the configuration has finite total mass.
At present, however, it is unclear to us whether this behavior can be smoothly extended
along the horizon in order to obtain a complete, regular localized black hole at larger polar
angles, in the same manner as the solutions with R ∼ −r2 do.
The divergent behavior (C.5) can be further understood by noting that (4.10) admits
a logarithmic power series solution near an arbitrary point r0 > 0 of the form
R(r) = 2 log u+
∑
i=0
b[0],iu
i + u2 log u
∑
i=0
b[1],iu
i + u4(log u)2
∑
i=0
b[2],iu
i + . . . (C.6)
where u = r0− r. Higher powers of log u occur through the combination u2k(log u)k times
regular powers in u. The constant term b[0],0 is arbitrary.
Following this analysis we have obtained solutions in a large region in parameter space,
which are best understood when they are smoothly connected to MP solutions that admit
the corotating perturbations in sec. 7.1. They can be regarded as the non-linear extension
of these zero modes.
The perturbative construction that extends the zero modes into the non-linear regime
yields corrections that diverge with r more quickly the higher the perturbation order. This
signals the breakdown of perturbation theory at a finite radius.
We can also use the series (C.6) to construct numerically solutions by moving away from
the singularity at r = r0, integrating inwards and matching with the solutions obtained
by integrating from the origin. Proceeding this way, we obtain numerical solutions which
display similar behaviour to the perturbative ones, although they go large and negative
even faster as r0 is approached.
Given the tentative nature of these constructions, we will not give more details here.
Nevertheless, we expect that, with a more detailed understanding of how to match at
large r these solutions to those of [13] (following app. B), we should be able to construct
fully non-linear bumpy black holes and black bars, and possibly other novel black hole
solutions.
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